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Abstract
The question on realizability or nonrealizability of various subsystems of the system consisting
of eight basic properties of dimension functions in the class of all completely regular spaces is
discussed.
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1. Notation
Everywhere below term “space” means a topological space. All spaces under consid-
eration are completely regular and Hausdorff (≡Tychonoff). N is the set of all natural
numbers.N denotes some (infinite) countable set (e.g., the set of all integers). ω is the first
countable ordinal number.
In the sequel we consider the following set: N ′ = {. . . ,−1,0,1,2, . . .} ∪ {∞} together
with the natural order relation and addition operation. (For any a, b ∈ {. . . ,−1,0,1,2, . . .},
a  b if the usual difference b − a of the numbers b and a is nonnegative. For any
a ∈ {. . . ,−1,0,1,2, . . .}, a ∞, ∞ ∞. For any a, b ∈ {. . . ,−1,0,1,2, . . .}, a + b
denotes the usual sum of the numbers a and b; for any a ∈N ′, a + ∞ = ∞.)
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c denotes the cardinality of continuum. ℵ1 is the cardinality of the least uncountable
ordinal ω1. As it is known, continuum hypothesis (CH) states that c = ℵ1 and negation of
continuum hypothesis (¬CH) states that c > ℵ1. Dℵ1 denotes Cantor cube of weight ℵ1
(i.e., the product ∏s<ω1 Ds , where for any s < ω1, Ds is equal to the two-point discrete
space D) with the Tychonoff topology. Iℵ1 denotes Tychonoff cube of weight ℵ1 (i.e., the
product
∏
s<ω1
Is , where for any s < ω1, Is is the usual unit closed interval I = [0;1])
with the Tychonoff topology.
For any natural number n, In denotes the usual nth power of I = [0;1]. Besides,
I−1 = ∅ and I 0 = {∅}. For any set M , the cardinality of M is denoted by |M|. The weight
of a space X is denoted by ω(X).
A subset Y of a topological space X is called locally closed in X if there are subsets O
and F of X, respectively, open and closed in X, such that X = O ∩ F .
We say that a subset A of the space X is clopen in X if A is closed and open subset of
X simultaneously.
If X is a space and A is a subset of X, then the closure of A in X (respectively, boundary
of A in X) is denoted by [A]X (respectively, by FrX A).
For any completely regular space X the ˇCech–Stone compactification of X is denoted
by βX. For any locally compact space X the Alexandroff one-point compactification of X
is denoted by αX.
A collection of infinite subsets ofN is called almost disjoint if the intersection of any its
two distinct members is finite (or empty). LetR′ be an almost disjoint collection of infinite
subsets of N . Zorn’s lemma implies, that there exists a maximal collection R of almost
disjoint infinite subsets of N such that R′ ⊂R. In the set ZR =N ∪R is introduced a
topology (see [23] and, also, [13]) as follows: each point of N is isolated and each λ has
an open base {{λ} ∪ (λ \ F) | F is finite subset of N }. Note, that in this topology N is
open subset of ZR and discrete (in the induced topology); R is closed subset of ZR and
discrete (in the induced topology). Besides, |R| c. Note, that for any maximal collection
R of almost disjoint infinite subsets of N , the space ZR is locally compact [23].
In the sequel, AM denotes Martin’s axiom, topological statement of which is the
following [20]: if compact Hausdorff space X has the property that every collection of
pairwise disjoint open subsets of X is countable, then X cannot be represented as the union
of its < c nowhere dense subsets. It is known, that if the theory ZFC is noncontradictory,
then the theory ZFC+AM+¬CH is noncontradictory as well. Besides, AM is unprovable
in ZFC+¬CH. In the sequel we shall write Theorem (respectively, lemma) (AM +¬CH),
if the statement of that Theorem (respectively, lemma) holds under assumption Martin’s
axiom + negation of continuum hypothesis.
The symbol T stands for the class of all completely regular spaces. TSM denotes the
class of all separable metrizable spaces.
As usually, dim (respectively, ind, Ind) stands for the covering (respectively, the small
inductive, the large inductive) dimension function (see, e.g., [1,16,19,24,26]). Below, we
accept definitions given in [26], where all these functions are defined for any topological
space.
 denotes end of proof.
In other respects, we follow, basically, the notation accepted in [15].
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2. IntroductionAs follows directly from the definitions, each of the classical dimension functions ind,
Ind and dim is topologically invariant and takes values from N ′. An important result of the
theory of dimension of separable metrizable spaces is the fact (see, e.g., [1,16,19,24]) that
the functions ind, Ind and dim coincide in the class TSM of all separable metrizable spaces.
Besides, their common value d = dim = Ind = ind :TSM → N ′ has several nice properties
among which we distinguish the following (see, e.g., [1,16,22,24]):1
1◦ (The property of normability.) For any integer n−1, d(In) = n.
2◦ (The property of monotonity.)2 Let X ∈ TSM and Y is a locally closed subset of X.
Then d(Y ) d(X).
3◦ (The property of σ -additivity.) Let X ∈ TSM and X =⋃∞i=1 Xi , where for any i ∈ N,
[Xi]X = Xi . Then d(X) sup{d(Xi) | i ∈ N}.
4◦ (The property of compactificability.) If X ∈ TSM, then there is a compactification X˜ of
X with X˜ ∈ TSM and d(X˜) d(X).
5◦ (The logarithmic property.) Let X,Y ∈ TSM and either X = ∅ or Y = ∅. Then
d(X × Y ) d(X) + d(Y ).
6◦ (The property of additivity.) Let X ∈ TSM and X = A ∪ B . Then d(X)  d(A) +
d(B) + 1.
7◦ (The property of decomposability.) Let n ∈ N, X ∈ TSM and d(X) n. Then there are
X1, . . . ,Xn+1 ⊂ X, such that X =⋃n+1i=1 Xi and for any i = 1, . . . , n+1, the inequality
d(Xi) 0 holds.
8◦ (The Gδ-enlargability property.) Let X ∈ TSM and A ∈ X. Then there is a Gδ-subset
H of X such that A ⊂ H and d(H) = d(A).
The following questions appear naturally:
(α) Is it true, that any (topologically closed) class of spaces, for which the functions ind,
Ind and dim coincide and the common value of that functions has the properties 1◦–8◦
simultaneously, is the subclass of the class TSM?3
(β) Do there exist N ′-valued topologically invariant functions on the class TSM different
from d and having properties 1◦–8◦ simultaneously?
(γ ) Do there exist N ′-valued topologically invariant functions defined on the classes of
spaces wider than the class TSM and having properties 1◦–8◦ simultaneously? In
particular, does a function of that type exist on such important class of spaces as
the class T of all completely regular (≡Tychonoff) spaces? If not, then what one
can say about the existence of N ′-valued topologically invariant functions defined on
1 These propositions are called the main theorems of classical dimension theory.
2 It is well known, that this property is equivalent in the class TSM to the monotonity of d with respect to any
subsets.
3 This question was posed by A.V. Arhangel’skii on 47th Conference on Latvian P. Stuchka State University
in 1988.
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the given (wider then TSM) class of spaces (in particular, on the class T) and having
simultaneously properties from any preassigned subsystem of the system 1◦–8◦?
The answer to the question (α) is positive: as is shown by the second author in [40],
under some essential restrictions, the class TSM is the only class of spaces where the
functions ind, Ind and dim coincide. More exactly, let T be a class of topological spaces
which has the following properties: (a) for any X ∈ T , indX = IndX = dimX; (b) if
X ∈ T and Y is homeomorphic to X, then Y ∈ T ; (c) if X ∈ T and Y ⊂ X then Y ∈ T ;
(d) if X,Y ∈ T , then X×Y ∈ T ; (e) for any X ∈ T there is a compactification X˜ of X with
X˜ ∈ T and dim X˜ = dimX. Then the class T is the subclass of the class TSM. Besides, each
of the conditions (a)–(e) are essential.
Concerning the question (β), we would like to note that by the second author was
announced in [39], that even the properties 1◦, 2◦, 3◦, 7◦, 8◦ characterize the function
d = ind = Ind = dim in the class TSM. More precisely, if d is N ′-valued topologically
invariant function defined on the class TSM, which has the properties 1◦, 2◦, 3◦, 7◦, 8◦
simultaneously, then the function d coincides with the function d = ind = Ind = dim.
More than this, the system {1◦,2◦,3◦,7◦,8◦} is independent in the following sense: for
any i ∈ {1,2,3,7,8} there is a topologically invariant N ′-valued function on the class
TSM, different from d = ind = Ind = dim, which has all properties from the system
{1◦,2◦,3◦,7◦,8◦}, except the property i◦. As to detailed proof of the fact that the function
dim is the only function on TSM, having properties 1◦, 2◦, 3◦, 7◦, 8◦ simultaneously, it is
given in [35].
The aim of this paper is to consider of the question (γ ) for the class T of all completely
regular spaces.
For more exact statement of that question we shall need the following notations and
definitions.
F denotes the class of all N ′-valued topologically invariant functions defined on the
class T, i.e., F = {d | d is a function from T to N ′ and for any X,Y ∈ T such that X is
homeomorphic to Y , d(X) = d(Y )}.
P1 denotes the class of all normed N ′-valued functions on the class T: P1 = {d ∈ F |
d∅ = −1, d{∅} = 0, for any integer n 1 d([0;1]n) = n}.
P2 denotes the class of all monotonous (with respect to locally closed subsets) N ′-
valued functions on the class T: P2 = {d ∈ F | for any X ∈ T and any locally closed
subset Y of X, d(Y ) d(X)}.
P3 denotes the class of all σ -additive (with respect to closed subsets) N ′-valued
functions on the class T: P3 = {d ∈ F | for any X ∈ T, if X =⋃∞i=1 Xi, where each Xi
is closed subset of X, then d(X) sup1i<∞{d(Xi)}}.
P4 denotes the class of all compactificable N ′-valued functions on the class T: P4 =
{d ∈F | for any X ∈ T, there exists a (Hausdorff) compactification X˜ of the space X such
that d(X˜) d(X)}.
P5 denotes the class of all N ′-valued functions on the class T having logarithmical
property: P5 = {d ∈ F | for any X1,X2 ∈ T, at least one of which is nonempty, d(X1 ×
X2) d(X1)+ d(X2)}.
P6 denotes the class of all subadditive N ′-valued functions on the class T: P6 = {d ∈
F | for any X ∈ T, if X = A∪B, then d(X) d(A)+ d(B)+ 1}.
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P7 denotes the class of all decomposable N ′-valued functions on the class T: P7 = {d ∈
F | for any X ∈ T, if 0 d(X) = n < ∞, then there exist n+ 1 subspaces X1, . . . ,Xn+1
of X such that for any i = 1, . . . , n+ 1, d(Xi) 0 and X =⋃n+1i=1 Xi}.
P8 denotes the class of all Gδ-enlargeable N ′-valued functions on the class T: P8 =
{d ∈ F | for any X ∈ T, and any A ⊂ X there exists a Gδ-subset H of X with A ⊂
H and d(H)= d(A)}.
Below we consider various (nonempty) subsystems P = {Pi1, . . . ,Pik} (k = 1, . . . ,8,
1 i1, . . . , ik  8, Pim = Pil whenever m = l) of the system {P1, . . . ,P8}.
Definition 2.1. We say that a subsystem P = {Pi1, . . . ,Pik}, of the system {P1, . . . ,P8} is
realizable (single realizable) if ⋂kj=1 Pij = ∅ (respectively,⋂kj=1 Pij is a singletone).
Definition 2.2. Let a subsystemP = {Pi1, . . . ,Pik} of the system {P1, . . . ,P8} is realizable.
Then any element of
⋂k
j=1 Pij is called a realizator of P .
Definition 2.3. We say that a subsystem P = {Pi1, . . . ,Pik}, of the system {P1, . . . ,P8} is
nonrealizable if
⋂k
j=1 Pij = ∅.
Clearly, if P1 and P2 are two subsystems of the system {P1, . . . ,P8} such that P1 ⊂P2,
then:
(*) if P2 is realizable, then P1 is realizable as well;
(**) if P1 is single realizable and P2 is realizable, then P2 is single realizable;
(***) if P1 is nonrealizable, then P2 is nonrealizable as well.
In this terminology the question (γ ) (for the class T) can be stated as follows:
Is the system {P1, . . . ,P8} realizable? If it is nonrealizable, then which subsystems of the
system {P1, . . . ,P8} are realizable and which subsystems of the system {P1, . . . ,P8} are
nonrealizable?
Note that the quantity of all (nonempty) subsystems of the system {P1, . . . ,P8} is
equal to 255. In Section 3 76 nonrealizable subsystems of the system {P1, . . . ,P8}
are determined. In Section 4 178 realizable subsystems of the system {P1, . . . ,P8} are
found. The question concerning the realizability (or nonrealizability) of the remaining 1
subsystem of the system {P1, . . . ,P8} is open (in any case the answer is unknown to us).
In Section 6 the corresponding questions are formulated.
Theorem 3.1 is announced (without proof) in [37]. Theorem 3.7 is announced (without
proof) in [38]. Theorem 3.9 is announced (without proof) in [34]. The function d3 from
Section 4 is introduced by the second author in [38]. The function d5 from Section 4
is introduced by the first author in [33]. All other functions from Section 4 (except the
function d4) are defined jointly.
3. Nonrealizable subsystems of the system {P1, . . . ,P8}
The main results of this section are Theorems 3.1, 3.7 and 3.9.
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Theorem 3.1. The subsystem {P1,P2,P3,P4} of the system {P1, . . . ,P8} is nonrealizable.Proof. Below we shall prove more. Namely, we shall show that there is no topologically
invariant N ′-valued function on T, belonging to the intersection P′′1 ∩ P2 ∩ P3 ∩ P4, where
P′′1 = {d ∈ F | d(I−1) = −1, d(I 0) = 0 and d(I 1) = 1} (note, that P1 ∩ P2 ∩ P3 ∩ P4 ⊂
P′′1 ∩ P2 ∩ P3 ∩ P4). In other words, there is no topologically invariant N ′-valued function
on T, which would be normed in dimensions −1, 0 and 1, monotonous (with respect to
locally closed subsets), σ -additive and compactificable simultaneously.
Assume on the contrary, that there is d ∈ F with d ∈ P′′1 ∩ P2 ∩ P3 ∩ P4. Then for any
countable space X ∈ T (since d ∈ P′′1 ∩ P3) we shall have d(X) = 0.
Let us show that if D(c) is a discrete space having cardinality of continuum, then
d(D(c)) = 0.
To this end, consider the countable space Σ , constructed in the work of Przymusin´ski
and van Douwen [12]. Since Σ is countable, then, as was noted above, d(Σ) = 0. Since
d ∈ P4, then there exists a compactification cΣ , of the space Σ such that d(cΣ) d(Σ) =
0. Since cΣ = ∅, it contains at least one point and hence, d(cΣ) 0 Thus, d(cΣ) = 0.
On the other hand, it is known, that if bΣ is any compactification of the space
Σ , then the tightness4 t (bΣ) = c. Consequently, we have: s(bΣ)  t (bΣ) = c (where
s(bΣ) denotes the spread5 of bΣ). Hence, there exists a discrete subspace D′(c) of cΣ
having cardinality of continuum. But D′(c), being discrete, is locally closed in cΣ . Since
d ∈ P2, then d(D′(c)) d(cΣ) = 0. But, obviously, d(D′(c)) 0. Hence, d(D′(c)) = 0.
Since D′(c) is homeomorphic to D(c) and the function d is topologically invariant, then
d(D(c)) = 0.
Furthermore, by theorem of Terasawa (see [32]), follows that for any metrizable
compact B without isolated points, there exists a maximal collectionRB of almost disjoint
infinite subsets of N , such that the ˇCech–Stone reminder of the space ZRB is equal to B .
In particular, there is a maximal collection RI 2 of almost disjoint infinite subsets of N ,
such that β(ZR
I2
) \ZR
I2
= I 2, where I 2 is the usual (closed) unit square.
Let us show that d(ZR
I2
) = 0. Indeed, sinceRI 2 is homeomorphic to the clopen subset
of D(c) and since d ∈ P2, then d(RI 2)  d(D(c)) = 0. On the other hand, RI 2 = ∅ and
therefore d(RI 2) 0. Hence, d(RI 2) = 0.
Note, now, that the space ZR
I2
is the union of the one-point subsets of N and the
subspace RI 2 . Since the set RI 2 is closed in ZRI2 and d ∈ P2 ∩ P3, then d(ZRI2 ) =
sup{{d(n) | n ∈N }, {d(RI 2)}} = 0.
Then, since d ∈ P4, there is a compactification bZR
I2
of the space ZR
I2
such that
d(bZR
I2
) d(ZR
I2
) = 0. Since bZRI2 contains at least one point and d ∈ P′′1 ∩P2, then
d(ZRI2 ) = 0.
4 The tightness of a point x in a topological space X is the smallest cardinal number τ  ℵ0 with the property
that if x ∈ [C]X , then there exists a C0 ⊂ C such that |C0| τ and x ∈ [C0]X ; this cardinal number is denoted by
t (x,X). The tightness of a topological space X is the supremum of all numbers t (x,X) for x ∈ X. The tightness
of X is denoted by t (X) (see [4] and [5]).
5 The spread s(X) of a space X is the smallest cardinal number τ  ℵ0, such that every subset of X consisting
exclusively of isolated points has cardinality  τ . From the results of Arhangel’skii [6] and Shapirovskii [28]
follows, that for any bicompact (even for any k-space) X we have: s(X) t (X).
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Two cases are possible:(a) bZR
I2
is not the Alexandroff one-point compactification of the space ZR
I2
;
(b) bZR
I2
is the Alexandroff one-point compactification of the space ZR
I2
.
Case (a). Since the remainder βZR
I2
\ ZR
I2
is homeomorphic to I 2, then applying
results of Taimanov [30, Section 1, Remarks 1 and 2] (see, also, [18]), there exists a perfect
mapping f : I 2 “onto”−→ bZR
I2
\ZR
I2
. Since I 2 is the locally connected metrizable continuum
and bZR
I2
\ ZR
I2
is not one-point set, then bZR
I2
\ ZR
I2
contains an arc.6 Since
d ∈ P′′1 ∩ P2, then d(b(ZRI2 )) 1. We obtain contradiction to the equality d(bZRI2 ) = 0.
Consequently, case (a) is impossible.
Case (b). So, let bZR
I2
= αZR
I2
is the Alexandroff one-point compactification of the
space ZR
I2
and d(αZR
I2
) = 0.
Since RI 2 is the closed subset of the locally compact space ZRI2 , then R˜I 2 =
[RI 2]αZR
I2
is the Alexandroff one-point compactification of the space RI 2 , i.e., R˜I 2 =
α(RI 2). Note that since d ∈ P′′1 ∩ P2, then d(α(RI 2)) = 0.
Note, that as it is easy to see that for any infinite subset A of the space RI 2 we have
d(αA) = 0.
Let us consider the following subspace Z∗R
I2
= ZR
I2
∪ {p} = N ∪ RI 2 ∪ {p} of
βZR
I2
, where {p} is an arbitrary point from the remainder βZR
I2
\ ZR
I2
= I 2. Since
the character of the point p in I 2 is countable and since the point p is not isolated in I 2,
then (I 2)′ = I 2 \ {p} is the σ -compact, noncompact space. Hence, the space Z∗R
I2
, being
the Gδ-subset of the compact space βZR
I2
, is ˇCech-complete. Clearly, the point p is not
isolated in Z∗R
I2
.
Let us now show that d(Z∗R
I2
) = 0.
Since Z∗R
I2
is ˇCech-complete space, then, by one theorem of Arhangel’skii [3], it has
point-countable type.7 In particular, there exists a compact space H which is of Gδ-type
in Z∗R
I2
such that p ∈ H ⊂ Z∗R
I2
. We have: H = {p} ∪ N ∗ ∪ R∗
I 2
, where N ∗ ⊂ N
and R∗
I 2
⊂ RI 2 . Since the set N ∗ is open in ZRI2 , it is open in Z∗RI2 as well. Hence,N ∗ is open in H . The subspace R∗
I 2
∪ {p} = H \ N ∗ is compact and of Gδ-type in
Z∗R
I2
. Since R∗
I 2
is the discrete space (in the induced topology) of cardinality  c and
R∗
I 2
∪{p} is the Alexandroff one-point compactification of the spaceR∗
I 2
, then (see above)
we have: d(R∗
I 2
∪ {p}) = 0. Consider the set Z∗R
I2
\ (R∗
I 2
∪ {p}) = (RI 2 \R∗I 2) ∪ N .
Since R∗
I 2
∪ {p} is the Gδ-subset of Z∗R
I2
, then (RI 2 \ R∗I 2) ∪ N is the Fσ -subset of
6 Indeed, the space bZR
I2
\ ZR
I2
, being a continuous image of the connected and locally connected
metrizable compact, is itself connected, locally connected and metrizable. But by S. Mazurkiewicz’s theorem,
connected and locally connected metrizable compact contains an arc [21].
7 A space X is called of point countable type, if for any point x ∈ X there exists a compact set H such that
x ∈ H ⊂X and the character of H in X is countable. In particular, it follows that H is a Gδ -subset of X (see [3]).
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Z∗ , i.e., (RI 2 \R∗2) ∪N =
⋃∞
i=1 Fi , where each Fi is closed in Z∗ . On the otherR
I2 I RI2
hand, Fi ⊂ N ∪ RI 2 for any i = 1,2, . . . . Hence, each Fi is closed in ZRI2 . Since
d ∈ P′′1 ∩ P2, then d(Fi)  0 for any i = 1,2, . . . . So, Z∗R
I2
= (R∗
I 2
∪ {p}) ∪ (⋃∞i=1 Fi),
where d(R∗
I 2
∪ {p}) = 0 and d(Fi)  0 for any i = 1,2, . . . . But d ∈ P′′1 ∩ P3. Hence,
d(Z∗R
I2
) = 0.
Since Z∗R
I2
⊃ ZR
I2
, then βZ∗R
I2
= βZR
I2
(see, e.g., [16, 3.6.9]). Consequently, we
have: βZ∗R
I2
\Z∗R
I2
= I 2 \ {p}.
Since d ∈ P4, there exists a compactification bZ∗R
I2
of the space Z∗R
I2
such that
d(bZ∗R
I2
) d(Z∗R
I2
) = 0. It is easy to see that for the compactification bZ∗R
I2
the equality
d(bZ∗R
I2
) = 0 holds.
Obviously, the spaceZ∗R
I2
is not locally compact. Consequently, the remainder bZ∗R
I2
\
Z∗R
I2
has cardinality  ℵ0.
By already mentioned results of Taimanov [30], there exists a perfect mapping of the
remainder βZ∗R
I2
\Z∗R
I2
onto the remainder bZ∗R
I2
\Z∗R
I2
:
f :βZ∗R
I2
\Z∗R
I2
= I 2 \ {p} “onto”−→ bZ∗R
I2
\Z∗R
I2
.
Since |bZ∗R
I2
\ Z∗R
I2
|  ℵ0, there exist at least two points x, y ∈ bZ∗R
I2
\ Z∗R
I2
such
that x = y . Consider the following sets: Ax = f−1(x) and Ay = f−1(y). Let Ix,y be an
arc,connecting some point a′ ∈ Ax with some point a′′ ∈ Ay . The image f (Ix,y) of the
arc Ix,y contains at least two (distinct) points and, hence, is nontrivial continuum. More
then this, the image f (Ix,y) ⊂ bZ∗R
I2
\ Z∗R
I2
is nontrivial locally connected metrizable
continuum.
Therefore, there exists an arc I ′ such that I ′ ⊂ f (Ix,y) ⊂ bZ∗ \Z∗R
I2
⊂Z∗R
I2
. Clearly,
the set I ′ is closed in Z∗R
I2
. Since d ∈ P′′1 ∩ P2, then d(bZRI2 ) 1. Thus, we obtain the
contradiction. So, the case (b) is impossible as well.
Consequently, our assumption is false. 
Corollary 3.2. Let P is a subsystem of the system {P1, . . . ,P8} with P ⊃ {P1,P2,P3,P4}.
Then P is nonrealizable.
To prove the next Theorem 3.7, we shall need some lemmas, which, as it seems to us,
are of independent interest.
Lemma 3.3. (AM + ¬CH) The compact Iℵ1 has the following properties:
(a) Iℵ1 is subsequential space in sense of F. Tall; 8
8 See [31] and [10]. X is a subsequential space in sense of Tall (in terminology of [10], strongly sequentially
compact) iff whenever a sequence accumulates at a point x ∈ X, it has a subsequence, converging to x.
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(b) Iℵ1 is sequentially separable;9
(c) Iℵ1 is sequentially compact.10
Proof. Follows directly from [31, Theorem 2]. 
Consider the space Iℵ1 and its so-called Alexandroff doublingA(Iℵ1) (see [14]).
Remind the construction of the space A(Iℵ1).
Let (Iℵ1)′ = Iℵ1 ×{1} and (Iℵ1)′′ = Iℵ1 ×{2}. Let, also,A(Iℵ1) = (Iℵ1)′ ∪ (Iℵ1)′′. For
any point x ∈ Iℵ1 and any subset M ⊂ Iℵ1 denote: x ′ = (x,1), x ′′ = (x,2),M ′ = M × {1}
and M ′′ = M × {2}.
Let us introduce the topology on the set A(Iℵ1). For any point x ∈ Iℵ1 fix a base
BIℵ1 (x) for the neighborhoods of x in Iℵ1 . Take any point x ∈ Iℵ1 . Put B(x ′′) = {{x ′′}}
and B(x ′) = {(U ′ ∪ U ′′) \ {x ′′} | U ∈ BIℵ1 (x)}. One can easily verify, that the family{B(x)}x∈A(Iℵ1) satisfies the conditions for a neighborhood system in a Hausdorff space,
so it generates a Hausdorff topology in A(Iℵ1). The corresponding topological space is
denoted, as usually, by the same symbol A(Iℵ1).
By previous Lemma 3.3, there is a (countable) sequence (dn)n<ω of points of Iℵ1 such
that for any point x of Iℵ1 there is a subsequence of (dn)n<ω , converging to x . Consider
the set D = {d1, d2, . . .} ⊂ Iℵ1 .
Let X be the following subspace of the space A(Iℵ1): X = (Iℵ1)′ ∪D′′.
It takes place the following:
Lemma 3.4. The space X has the following properties:
(a) X is Hausdorff space;
(b) X is compact;
(c) D′′ is open and dense in X;
(d) D′′ is discrete in the induced topology;
(e) the topology on (Iℵ1)′ induced from X coincides with the (usual) topology of the space
Iℵ1 ;
(f) for any subset M ⊂ D we have: [M ′′]X = (Md)′ ∪ M ′′, where Md is the set of all
accumulation points of M in Iℵ1 .
Proof. The properties (a), (b), (c), (d) and (e) follow directly from the results obtained in
[14, p. 630]. Let us show the correctness of (f).
Let M ⊂ D. Obviously, M ⊂ Iℵ1 and, hence, by [14, p. 630, formula (1)], we
have: [M ′′]A(Iℵ1 ) = (Md)′ ∪ M ′′. Since X, being compact, is closed in A(Iℵ1), then
[M ′′]A(Iℵ1 ) = [M ′′]X . Consequently, [M ′′]X = (Md)′ ∪M ′′. 
9 [31] A space X is sequentially separable iff there is a sequence S = (xn)n<ω such that for each x ∈ X there
is a subsequence of S , converging to x. It is easy to see that the set {xn}n<ω is dense in X.
10 (See, e.g., [15].) A space X is sequentially compact iff every sequence of points of X has a convergent
subsequence.
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Lemma 3.5. (AM + ¬CH) For the subspace D′′ of the space X we have: (i) [D′′]X =
cl sXD′′11 = X.12
Proof. (i) That cl sXD′′ ⊂ [D′′]X follows directly from the definition of cl sXD′′.
Now prove that [D′′]X = X ⊂ cl sXD′′. Let ξ ∈ [D′′]X . We have to show (see footnote
12), that if B ′′ ⊂ D′′ is such that ξ ∈ [B ′′]X , then there is a sequence of points of B ′′,
converging to the point ξ .
Since [D′′]X = X = (Iℵ1)′ ∪D′′, the following two cases are possible: (1) ξ ∈ D′′ and
(2) ξ ∈ (Iℵ1)′.
Case (1). Let, ξ ∈ D′′. Since, by property (d) from Lemma 3.4, D′′ is discrete in the
induced from X topology, then for any B ′′ ⊂ D′′, such that ξ ∈ [B ′′]X , we have: ξ ∈ B ′′.
Consequently, as a desired sequence, in this case, one can take stationary sequence (any
member of which is equal to ξ ).
Case (2). Let now, ξ ∈ (Iℵ1)′. Then there is x ∈ Iℵ1 , such that ξ = x ′ = (x,1).
Suppose, ξ ∈ [B ′′]X, where B ′′ ⊂ D′′. By the property (f) (see Lemma 3.4) we have:
[B ′′]X = (Bd)′ ∪ B ′′ (where B is such subset M of Iℵ1 that M ′′ = B ′′). Since x ′ ∈ [B ′′]X
and, obviously, x ′ /∈B ′′, then x ′ ∈ (Bd)′. Consequently, x ∈ Bd .
Clearly, the set B is infinite (otherwise, [B ′′]X = B ′′ and we get ξ = x ′ ∈ B ′′, what
is impossible, because ξ = x ′ = (x,1) ∈ (Iℵ1)′). Thus, B being infinite subset of the
countable set D, is itself countable. Hence, B can be enumerated by natural numbers, so
the set B turned into a sequence (bn)n<ω of (distinct) points of Iℵ1 (note that, in general,
(bn)n<ω is not a subsequence of the sequence (dn)n<ω).
Since x ∈ Bd , the sequence (bn)n<ω accumulates at x and since, by Lemma 3.3, Iℵ1
is subsequential space in sense of F. Tall, there is a subsequence (bni )i<ω of the sequence
(bn)n<ω , converging to the point x .
Consider the sequence (b′′ni )i<ω . Clearly, it is a subsequence of the sequence (b
′′
n)n<ω
of points of B ′′.
Let U˜x ′ is an arbitrary (basic) neighborhood of the point x ′ in X. Then (see definition of
topology of A(Iℵ1)) there is U ∈ BIℵ1 (x) such that U˜x ′ = (U ′ ∪U ′′) \ {x ′′}. We shall now
show that there is a natural number m such, that for any i > m we have: b′′ni ∈ U˜x ′ .
Since x ∈ B , there is (unique) natural number m0 such that x = bm0 .
Since the sequence {bni }i<ω converges in the topology of Iℵ1 to the point x , then
there is natural number m > m0 such, that bni ∈ U , whenever i > m. Clearly, for any
i > m we have: ni  i > m > m0. So, if i > m, then bni = x and, hence, b′′ni = x ′′. On
the other hand, for any i > m (since bni ∈ U ) we have: b′′ni ∈ U ′′. Thus, for any i > m,
b′′ni ∈ (U ′ ∪U ′′) \ {x ′′} = U˜x ′ , what means that x ′ is the limit of (b′′ni )i<ω .
Consequently, it is shown that if ξ ∈ [D′′]X, then ξ ∈ cl sXD′′. The inclusion [D′′]X ⊂
cl sXD′′ and, hence, the equality [D′′]X = cl sXD′′ is established. 
11 Let X is a space and A ⊂ X. cl sXA is the set of all points y ∈ [A]X , such that for every B ⊂ A from
y ∈ [B]X follows that there is a sequence of points of B, converging to y (see, e.g., [9]).
12 One can show that X is cg-space in sense of Bashkirov [8].
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Lemma 3.6. (AM + ¬CH) There exists an almost disjoint (maximal) collection R ℵ1 ofI
infinite subsets of N , such that ˇCech–Stone remainder βZR
Iℵ1 \ ZRIℵ1 of ZRIℵ1 (see
Section 1) is homeomorphic to Iℵ1 .
Proof. Let X = (Iℵ1)′ ∪D′′ be the space constructed above. By Lemma 3.5, cl sXD′′ = X.
Hence (since (Iℵ1)′ ∩D′′ = ∅), (Iℵ1)′ = cl sXD′′ \D′′. Then, by Bashkirov’s theorem [9],
there is an almost disjoint system RIℵ1 of infinite subsets of N , such that ˇCech–Stone
remainder of ZR
Iℵ1 =N ∪RIℵ1 is homeomorphic to (Iℵ1)
′
. But (Iℵ1)′ is homeomorphic
to Iℵ1 . So, βZR
Iℵ1 \ZRIℵ1 is homeomorphic to I
ℵ1
. 
Theorem 3.7. (AM + ¬CH) The subsystem {P1,P2,P4,P6} of the system {P1, . . . ,P8} is
nonrealizable.
Proof. Assume on the contrary, that the subsystem {P1,P2,P4,P6} is realizable, i.e., there
is a realizator d ∈ P1 ∩ P2 ∩ P4 ∩ P6.
Since d ∈ P1, then for any one-point set {p} we have: d({p}) = 0.
Let f : N → N∗ ⊂ [0;1] = I be a homeomorphism from the space N of all natural
numbers (with the discrete topology) onto some subspace N∗ of I . The space N∗ is locally
closed subset of I . Since d ∈ P1 ∩ P2, we have: d(N) = d(N∗) d(I) = 1.
Denote by Σ the countable space, constructed by E. van Douwen and T. Przymusin´ski
and considered in the proof of Theorem 3.1.
Recall that the space Σ has the following properties: (1) Σ = N ∪ {p}, where N is
countable discrete space (in the induced from Σ topology) and {p} is the only nonisolated
point of the space Σ ; (2) the tightness of any compactification bΣ of the space Σ satisfies
the inequality: t (bΣ) = c.
Since d ∈ P6 and Σ = N ∪ {p}, where N is homeomorphic to N, then d(Σ) 
d(N)+ d({p})+ 1 1 + 0 + 1 2.
Since d ∈ P4, there is a compactification bΣ of Σ such that d(bΣ) d(Σ) 2.
Since s(bΣ)  c (see footnote 6), then there is discrete (in the induced from bΣ
topology) subspace F of bΣ with |F | = c. Since F , being locally compact, is open in
its closure in bΣ , it is locally closed in bΣ . Hence, d(F ) d(bΣ) 2.
Thus (since d ∈ P2), it is shown, that for any discrete space S with cardinality  c, the
inequality d(S) 2 holds.
By previous Lemma 3.6 (under AM +¬CH) there is an almost disjoint collectionRIℵ1
of infinite subsets of N , such that βZR
Iℵ1 \ZRIℵ1 is homeomorphic to Iℵ1 . Since (in the
induced topology)RIℵ1 is discrete and has cardinality  c, then d(RIℵ1 ) 2.
Let {q} is some point of Iℵ1 . Consider the following subspace Z˜R
Iℵ1 of the space
βZR
Iℵ1 : Z˜RIℵ1 = ZRIℵ1 ∪{q}. Since d ∈ P6, then d(Z˜RIℵ1 ) d(ZRIℵ1 )+d({q})+1 =
d(N ∪RIℵ1 )+ d({q})+ 1 d(N )+ d(RIℵ1 )+ 1 + d({q})+ 1 1 + 2 + 1 + 0 + 1 = 5.
It is obvious, that βZ˜R
Iℵ1 = βZRIℵ1 . Besides, βZ˜RIℵ1 \ Z˜RIℵ1 = Iℵ1 \ {q}. Clearly,
Iℵ1 \ {q} is locally compact noncompact space.
Since d ∈ P4, there exists a compactification bZ˜R
Iℵ1 of the space Z˜RIℵ1 such that
d(bZ˜R
Iℵ1 ) 5. It is easy to show, that bZ˜RIℵ1 \Z˜RIℵ1 is the locally compact noncompact
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space. Hence, bZ˜R \ Z˜R is open (and, consequently, locally closed) in [bZ˜R \
Iℵ1 Iℵ1 Iℵ1
Z˜R
Iℵ1 ]bZ˜R
Iℵ1
. Since d ∈ P2, we shall have: d(bZ˜R
Iℵ1 \ Z˜RIℵ1 ) d(bZ˜RIℵ1 ) 5.
Since bZ˜R
Iℵ1 is a compactification of the space Z˜RIℵ1 , then there exists a mapping
g :βZ˜R
Iℵ1 → bZ˜RIℵ1 which is identity on the points of Z˜RIℵ1 . By theorem of
A.D. Taimanov (already mentioned in the proof of Theorem 3.1), the mapping g generates
some perfect mapping f : Iℵ1 \ {q} → bZ˜R
Iℵ1 \ Z˜RIℵ1 of the remainder of the ˇCech–
Stone compactification of the space Z˜R
Iℵ1 onto the remainder bZ˜RIℵ1 \ Z˜RIℵ1 of the
compactification bZ˜R
Iℵ1 of the space Z˜RIℵ1 .
Let us show that the space bZ˜R
Iℵ1 \ Z˜RIℵ1 is not metrizable.
Suppose, on the contrary, that bZ˜R
Iℵ1 \ Z˜RIℵ1 is metrizable. The space bZ˜RIℵ1 \
Z˜R
Iℵ1 , being the perfect image of the locally compact and connected space, is itself
locally compact and connected. Hence, by one theorem of Bourbaki [11], the space
bZ˜R
Iℵ1 \ Z˜RIℵ1 is σ -compact.
Let f˜ :α(Iℵ1 \ {q}) → α(bZ˜R
Iℵ1 \ Z˜RIℵ1 ) is the natural extension of the mapping f
over the Alexandroff one-point compactifications of the spaces Iℵ1 \ {q} and bZ˜R
Iℵ1 \
Z˜R
Iℵ1 (see [18]).
But, by uniqueness of Alexandroff one-point extension, we have: α(Iℵ1 \ {q}) = Iℵ1
and α(bZ˜R
Iℵ1 \ Z˜RIℵ1 ) = {s} ∪ (bZ˜RIℵ1 \ Z˜RIℵ1 ), where s is some point (which does
not belong to bZ˜R
Iℵ1 and f˜
−1({s}) = {q}. Since, by the assumption, bZ˜R
Iℵ1 \ Z˜RIℵ1
is metrizable and σ -compact,then α(bZ˜R
Iℵ1 \ Z˜RIℵ1 ) is metrizable as well. Hence, the
one-point set {s} is of Gδ-type in α(bZ˜R
Iℵ1 \ Z˜RIℵ1 ). Consequently, {q} = f˜−1({s}) is
of Gδ-type in Iℵ1 , but as it is known (see, e.g., [16, 2.3.25]), nopoint of the cube Iℵ1 is
of Gδ-type in Iℵ1 . Thus we get the contradiction. So, the space bZ˜R
Iℵ1 \ Z˜RIℵ1 is not
metrizable. But then the space α(bZ˜R
Iℵ1 \ Z˜RIℵ1 ) is not metrizable as well.
Consequently, nonmetrizable compact α(bZ˜R
Iℵ1 \ Z˜RIℵ1 ) is the continuous image of
the cube Iℵ1 . By Šcˇepin’s theorem [27], α(bZ˜R
Iℵ1 \Z˜RIℵ1 ) contains a subspace M , which
is the topological copy of the cube Iℵ1 .
This contradicts to the inequality d(bZ˜R
Iℵ1 ) 5. 
Corollary 3.8. Let P is a subsystem of the system {P1, . . . ,P8} with P ⊃ {P1,P2,P4,P6}.
Then P is nonrealizable.
Theorem 3.9. The subsystem {P1,P8} of the system {P1, . . . ,P8} is nonrealizable.
Proof. We have to show that there exists no topologically invariant N ′-valued function
on T which belongs to the intersection P1 ∩ P8. Below is proved a little more, that there
exists no topologically invariant N ′-valued function on T belonging to the intersection
P′1 ∩ P8, where P′1 = {d ∈ F | d(I 0) = 0 and d(I 1) = 1} (note, that P1 ∩ P8 ⊂ P′1 ∩ P8).
In other words, we shall show that there is no topologically invariant N ′-valued function
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on T which has the property of Gδ-enlargability and which is, at the same time, normed in
dimensions 0 and 1.
To this end, we construct a completely regular (even hereditarily normal, weakly
hereditarily paracompact and Lindelöf) space X, with the following properties:
(1) there is a point ¶ in X, such that any Gδ-subset of X, containing ¶, is homeomorphic
to the whole X;
(2) there is a subspace X(α∗,t∗) of the space X, where X(α∗,t∗) is homeomorphic to I =
[0;1], such that any Gδ-subset of X, including X(α∗,t∗) as a subset, is homeomorphic
to the whole X.
Suppose, the space X is already constructed.
Assume, on the contrary, that there exists a topologically invariant N ′-valued function
d on T such that d ∈ P′1 ∩ P8.
Then, by topological invariantness of d and since d ∈ P′1, we must have: d(¶) = 0.
Since d ∈ P8, there must be a Gδ-subset H of X such that ¶ ∈ H and d(H) = d(¶) = 0.
But by (1), H is homeomorphic to X and since d is topologically invariant, we must have:
d(X) = 0.
On the other hand, since X(α∗,t∗) is homeomorphic to I = [0;1] and d is topologically
invariant, d(X(α∗,t∗)) = 1. From d ∈ P8, follows the existence of a Gδ-subset H ′ of X
such that d(H ′) = d(X(α∗,t∗)) = 1. But by (2), H ′ is homeomorphic to X. Hence, by
topological invariantness of d we must have: d(X) = d(H ′) = 1, what contradicts the
equality d(X) = 0.
Thus, to complete the proof we have to construct the space X, having properties (1)
and (2).
Let us consider the usual unit segment [0;1] with the natural topology. LetA= {Hα}α∈A
be the collection of all such Gδ-subsets of [0;1], which contains as an element number 1.
Thus, for any α ∈ A, Hα is a Gδ-subset of [0;1] with 1 ∈ Hα and for any Gδ-subset H
of [0;1] with 1 ∈ H , there is (unique) α ∈ A, such that H = Hα . Besides, if α,β ∈ A
and α = β , then Hα = Hβ . Note, that for some α,β ∈ A, such that α = β,Hα may be
homeomorphic to Hβ . It is known that the cardinality of A is equal to the cardinality of
continuum.
For any α ∈ A consider the “pack”, consisting of pairwise disjoint ℵ1 copies of Hα .
Denote by B the set which is the union of all elements of all “packs”.
More exactly, let J be a set with cardJ = ℵ1.
For any α ∈ A and any t ∈ J denote: B(α,t) = Hα ×{(α, t)}. Clearly, if (α1, t1) = (α2, t2)
(where α1, α2 ∈ A and t1, t2 ∈ J ), then B(α1,t1) ∩B(α1, t1) = ∅ and for any α ∈ A and any
t ∈ J we have: (1, (α, t)) ∈ B(α,t).
Let B be the following set: B =⋃(α,t)∈A×J B(α,t).
Identify all elements of B of the form (1, (α, t)), i.e., consider on B the following
equivalence relation: If (x, (α, t)) ∈ B , where x = 1, then (y, (β, s)) ∈ B is equivalent
to (x, (α, t)) if and only if x = y , β = α and s = t . As to elements of the form (1, (α, t)),
by the definition all they are equivalent to each other.
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The equivalence class of an element (x, (α, t)) ∈ B , we denote by 〈x, (α, t)〉. In the
sequel, the equivalence class of the element of the form (1, (α, t)) is denoted, also, by ¶.
Clearly, if x = 1, 〈x, (α, t)〉 is a singleton, the only element of which is (x, (α, t)).
Let X be the set of all equivalence classes under this equivalence relation, i.e.: X =
{〈x, (α, t)〉 | (x, (α, t)) ∈B}.
Note that X =⋃(α,t)∈A×J X(α,t), where for any (α, t) ∈ A × J , X(α,t) = {〈x, (α, t)〉 ∈
X | x ∈ Hα}. Besides, ⋂(α,t)∈A×J X(α,t) = {¶}.
The set X (and, in the sequel, the corresponding topological space) we call the
generalized hedgehog and the subset X(α,t) of the set X − the t th prickle of type α, or
the (α, t)-prickle, or, simply, the prickle (of X).
For any (α, t) ∈A×J consider the following injective mapping h(α,t) :Hα → X, where,
for any x ∈ Hα , h(α,t)(x) = 〈x, (α, t)〉 ∈ X. Let (α, t) ∈ A × J , L ⊂ Hα , M ⊂ X and
suppose h(α,t)(L) ⊂ M ⊂ X. Then we say that h(α,t)(L) is the (α, t)-copy (or, simply,
the copy) of L in M . Thus, any (α, t)-prickle X(α,t) is the (α, t)-copy of the Gδ-subset Hα
of [0,1] in X; for any (α, t) {¶} is the (α, t)-copy of {1} ⊂ Hα ⊂ [0,1] in X(α,t) (as well as
in X) and so on.
Introduce a topology on X. To this end to any point of the set X assign a (basic)
neighborhood system as follows.
For any point x of [0,1] fix a (basic) neighborhood system B(x) of [0,1] at the point x .
Then for any subspace C ⊂ [0,1] and any point x ∈C the following (basic) neighborhood
system {U⋂C | U ∈ B(x)} of the subspace C at the point x we denote by BC(x).
Let 〈x, (α, t)〉 be a point of the set X, where x = 1. Then X(α,t) is the unique prickle to
which 〈x, (α, t)〉 belongs. By the definition, the (basic) neighborhood system of X at the
point 〈x, (α, t)〉 consists of (α, t)-copies in X(α,t) of all sets from BHα(x).
Let us describe now (basic) neighborhoods of X at the point ¶. Take a countable
collection of prickles (X(α1,t1),X(α2,t2), . . . ,X(αn,tn), . . .) (some of them may be equal
to each other; in particular, the set {X(α1,t1),X(α2,t2), . . . ,X(αn,tn), . . .} may be finite or
empty). For any n fix some Un ∈ BHαn (1). The (αn, tn)-copy of Un in X(αn,tn) we
denote by XUn(αn,tn). Consider the union W = W1 ∪ W2, where W1 is the union of all
prickles except X(α1,t1),X(α2,t2), . . . ,X(αn,tn), . . . and W2 =
⋃∞
i=1 X
Un
(αn,tn)
. Then, by the
definition, the set W is one (basic) neighborhood of X at the point ¶ ∈ X. Varying
(X(α1,t1),X(α2,t2), . . . ,X(αn,tn), . . .)’s and Un’s, we obtain (basic) neighborhood system of
X at the point ¶ ∈ X.
It is not difficult to see that the obtained topological space (we denote it by the
same symbol X) is Lindelöf. Besides, applying, e.g., [36, §3, Proposition 1] and [36,
§3, Proposition 2], one can show that the space X is hereditarily normal and weakly
hereditarily paracompact.
Note that for any (α, t) ∈ A × J the mapping h(α,t) is homeomorphism of Hα onto
h(α,t)(Hα) = X(αn,tn).
Show now that any Gδ-subset of X, containing the point ¶ as an element, is
homeomorphic to the whole X. Really, Let G be a Gδ-subset of X with ¶ ∈ G. First note,
that there may exist at most countably many prickles, which are not entirely contained in G
(easy verifiable fact). Let {X(α1,t1),X(α2,t2), . . . ,X(αn,tn), . . .} be the set of all those prickles
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which are not entirely contained in G (this set may be finite or empty; in case when it is
empty, there is nothing to prove: X = G!).
Clearly, G = G1 ∪G2, where G1 = X \⋃∞n=1 X(αn,tn) and G2 =⋃∞n=1(G∩ X(αn,tn)).
Since for any n G ∩ X(αn,tn) is Gδ-subset of X(αn,tn), X(αn,tn) is homeomorphic to Hα
and Hα is Gδ-subset of [0,1], then one can consider G ∩ X(αn,tn) as a copy in X of some
Gδ-subset of [0,1], i.e., as a prickle of some (another) type. So, the tnth prickle X(αn,tn)
of type αn is transformed into a new prickle of some other type. Thus, the set G can be
described in the following way: at most countably many prickles of X are disappeared
and at most countably many new prickles are added. But since the prickles of any type
repeated in X uncountably many times, G turned out to be homeomorphic to X (it is not
difficult to write down the corresponding homeomorphism). Consequently, the space X has
the property (1).
Show that X has the property (2) as well. Indeed, let α∗ ∈ A be such element of the
set A, that Hα∗ = [0;1]. Take some t∗ ∈ J and consider X(α∗,t∗) ⊂ X. Clearly, X(α∗,t∗)
is homeomorphic to [0;1]. If G is a Gδ-subset of X with G ⊃ X(α∗,t∗), then since
¶ ∈ X(α∗,t∗), we shall have ¶ ∈ G. But since X has the property (1), we immediately
conclude, that G is homeomorphic to X. 
Corollary 3.10. Let P is a subsystem of the system {P1, . . . ,P8} with P ⊃ {P1,P8}. Then
P is nonrealizable.
4. Realizable subsystems of the system {P1, . . . ,P8}
Below we shall need the following N ′-valued functions d1, d2, d3, d4, d5, d6, d7, defined
on the class T.
(1) Definition of the function d1. For any X ∈ T, d1(X) = 0.
(2) Definition of the function d2. For any X ∈ T,
d2(X) =
{
dimX, if ω(X) ℵ0,
∞, in all other cases.
(3) Definition of the function d3. For any X ∈ T,
d3(X) = sup
{
dimY | nω(Y ) ℵ0, Y ⊂ X
}
,
where nω(Y ) is the network weight13 of Y in sense of Arhangel’skii (see [2]).
(4) Definition of the function d4. A subset X′ of a completely regular space X is called
quasiclosed in X (see [17]) if there exists a finite family {F1, . . . ,Fk} of closed subsets
of X such, that X′ = F1 ±F2 ± · · ·±Fk, where ‘+’ and ‘−’ denotes, respectively, the
union and the difference of sets and everywhere instead of ‘±’ one must take either ‘+’
13 A family BN of subsets (not necessarily open) of a topological space X is called a network (or a network
base ) of X, if every nonempty open subset of X can be represented as the union of a subfamily of BN . The
smallest element of the set of all cardinal numbers of the form |BN |, where BN is a network of a topological
space X, is called the network weight of X and is denoted by nω(X) (see[2]).
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or ‘−’. Clearly, any closed subset of X, as well as any open subset of X, is quasiclosed
in X.
The function d4 was constructed by Hayashi [17], as follows.
Let X ∈ T. Then d4(X) = −1 iff X = ∅. Furthermore, d4(X) = 0 iff X = ∅ and
X = ⋃∞i=1 Xi , where each Xi is quasiclosed in X and indXi  0. Let n is a natural
number  1. Then d4(X)  n iff X = X1 ∪ X2, where d4(X1)  n − 1 and d4(X2)  0.
d4(X) = n(n = 0,1,2, . . .), iff d4(X) n and d4(X) n− 1. Finally, d4(X) = ∞, iff for
any n = −1,0,1,2, . . . , we have d4(X) n.
(5) Definition of the function d5 (see [33]). The function d5 is defined by help of Hayashi’s
function d4.
Let X ∈ T. d5(X) = −1 iff X = ∅. Suppose n is an integer 0. Then, by the definition,
d5(X)  n iff X = ⋃∞t=1 Xt , where for each t = 1,2, . . . , d4(Xt)  0 and for any
n + 1 pairwise disjoint natural numbers t1, t2, . . . , tn+1 we have: ⋃n+1k=1 Xtk = X.
Furthermore, d5(X) = n (n = 0,1,2, . . .) iff d5(X)  n and d5(X)  n − 1. Finally,
d5(X) = ∞, iff for any n = −1,0,1,2, . . . , we have: d5(X) n.
(6) Definition of the function d6. For any X ∈ T,
d6(X) =
{
dimX, if ω(X) ℵ0,
0, otherwise.
(7) Definition of the function d7. For any X ∈ T,
d7(X) =
{dimX, if X can be represented as a finite union of its subspaces,
anyone of which has countable base,
∞, otherwise.
It is evident, that d1, . . . , d7 are topologically invariant N ′-valued functions, taking
values −1.
Note, that any of these functions, except d1, is the extension of the function dim from
the class TSM over the class T.14
Theorem 4.1. The subsystem {P2,P3,P4,P5,P6,P7,P8} is realizable and the function d1
is one of its realizator.
Proof. Is obvious. 
Corollary 4.2. Let P be a subsystem of the system {P1, . . . ,P8} with P ⊂ {P2,P3,P4,P5,
P6,P7,P8}. Then P is realizable and the function d1 is one of the realizators of P .
One can easily verify, that it takes place the following:
14 A N ′-valued function d defined on the class T is called the extension of the function dim from the class TSM
over the class T iff for any X ∈ TSM we have: d(X) = dimX.
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Theorem 4.3. The subsystem {P1,P2,P4,P5,P7} of the system {P1, . . . ,P8} is realizable
and the function d2 is one of its realizators.
Corollary 4.4. Let P be a subsystem of the system {P1, . . . ,P8} with P ⊂ {P1,P2,P4,
P5,P7}. Then P is realizable and the function d2 is one of the realizators of P .
Theorem 4.5. The subsystem {P1,P2,P3,P5,P6} of the system {P1, . . . ,P8} is realizable
and the function d3 is one of its realizator.
Proof. First of all remind, that the class of spaces having countable network, is
monotonous (i.e., if X ∈ T,A ⊂ X and nω(X) ℵ0, then nω(A) ℵ0), σ -additive (i.e., if
X ∈ T and X =⋃∞i=1 Ai , where nω(Ai) ℵ0 for any i = 1,2, . . . , then nω(X) ℵ0) and
multiplicative (i.e., if X,Y ∈ T, nω(X)  ℵ0 and nω(Y )  ℵ0, then nω(X × Y )  ℵ0).
Besides, each space with countable network is hereditarily finally compact (and, hence,
hereditarily normal).15
d3 ∈ P1. Obvious.
d3 ∈ P2. Let X ∈ T and Y is a subset of X. Clearly, sup{dimZ | nω(Z) ℵ0,Z ⊂ Y }
sup{dimR | nω(R)  ℵ0,R ⊂ X}. Consequently, for every subset (and, in particular, for
every locally closed subset) Y of X we have: d3(Y ) d3(X).
d3 ∈ P3. Let X ∈ T and X =⋃∞i=1 Xi , where each Xi is closed in X and, suppose, Y
is an arbitrary subspace of X with nω(Y )  ℵ0. Then, clearly, dimY  sup{dimYi | i =
1,2, . . .}, where Yi = Y ∩ Xi for any i = 1,2, . . . . But, dimYi  sup{dimZ | nω(Z) 
ℵ0,Z ⊂ X} for any fixed i = 1,2, . . . . Consequently, dimY  sup{d3(Xi) | i = 1,2, . . .}.
Since the latter inequality holds for any subspace Y of the space X, where nω(Y ) 
ℵ0, then sup{dimY | nω(Y )  ℵ0, Y ⊂ X}  sup{d3(Xi) | i = 1,2, . . .}. So, d3(X) 
sup{d3(Xi) | i = 1,2, . . .}.
Since d3 ∈ P2, then d3(X) = sup{d3(Xi) | i = 1,2, . . .}.
d3 ∈ P5. Let X ∈ T and X = X1 × X2, where either X1 or X2 is nonempty. If X1 (or
X2) is empty, the inequality d3(X1 ×X2) d3(X1)+ d3(X2) is obvious.
Suppose, X1 = ∅ and X2 = ∅. Let Y ⊂ X1 × X2 and nω(Y )  ℵ0. Consider the
subspaces Y1 = prYX1 and prYX2 of X1 and X2, respectively, where prYXi (i = 1,2) is
the natural projection of Y to Xi . One can easily see, that nω(Yi)  ℵ0 (i = 1,2).
Furthermore, Y ⊂ Y1 ×Y2 and nω(Y1 ×Y2) ℵ0. Since a space with countable network is
hereditarily finally compact, then by theorem of Smirnov (see [30]) we have: dimY 
dimY1 + dimY2  {dimZ1 | nω(Z1)  ℵ0,Z1 ⊂ X1} + {dimZ2 | nω(Z2)  ℵ0,Z2 ⊂
X2} = d3(X1)+ d3(X2).
Since the subspace Y with countable network of the space X1 × X2 was chosen
arbitrarily, then sup{dimZ | nω(Z)  ℵ0, Z ⊂ X1 × X2}  d3(X1) + d3(X2). Hence,
d3(X1 ×X2) d3(X1)+ d3(X2).
d3 ∈ P6. Let X ∈ T and X = A ∪ B . Consider an arbitrary subspace Y of X such that
nω(Y  ℵ0. Then Y = Y1 ∪ Y2, where Y1 = Y ∩ A and Y2 = Y ∩B . It is known that then
nω(Y1) ℵ0 and nω(Y2) ℵ0.
15 See [7, Chapter II, exercises No. 139, 141 and 143].
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Since nω(Y ) ℵ0, then Y is hereditarily finally compact and all the more hereditarily
normal. Hence, by theorem of Smirnov from [29], we have: dimY  dimY1 + dimY2 + 1.
It is not difficult to show that then dimY  sup{dimZ | nω(Z) ℵ0,Z ⊂ A}+sup{dimR |
nω(R) ℵ0, R ⊂ B}+ 1. Consequently, dimY  d3(A)+ d3(B)+ 1. Since the subspace
Y with countable network was chosen arbitrarily, then d3(X) = sup{dimM | nω(M) 
ℵ0, M ⊂ X} d3(A)+ d3(B)+ 1.
Consequently, d3 ∈ P1 ∩P2 ∩P3 ∩P5 ∩P6. Hence, {P1,P2,P3,P5,P6} is realizable and
the function d3 is one of its realizators. 
Corollary 4.6. Let P be a subsystem of the system {P1, . . . ,P8} with P ⊂ {P1,P2,P3,
P5,P6}. Then P is realizable and the function d3 is one of the realizators of P .
Proof of the following Theorem 4.7 is given in the work of Hayashi [17].
Theorem 4.7. The subsystem {P1,P2,P3,P6,P7} of the system {P1, . . . ,P8} is realizable
and the function d4 is one of its realizators.
Corollary 4.8. Let P be a subsystem of the system {P1, . . . ,P8} with P ⊂ {P1,P2,P3,
P6,P7}. Then P is realizable and the function d4 is one of the realizators of P .
Theorem 4.9. The subsystem {P1,P2,P3,P5,P7} of the system {P1, . . . ,P8} is realizable
and the function d5 is one of its realizators.
Proof. is given in the work of the first author [33].16 Note, that as follows from [33,
Corollary 1], the function d5 is the extension of the function dim from the class TSM over
the class T (i.e., for any X ∈ TSM we have: d5(X) = dimX). 
Corollary 4.10. Let P be a subsystem of the system {P1, . . . ,P8} with P ⊂ {P1,P2,P3,
P5,P7}. Then P is realizable and the function d5 is one of the realizators of P .
Correctness of the following Theorem 4.11 is easy verifiable.
Theorem 4.11. The subsystem {P1,P3,P4,P5,P6,P7} of the system {P1, . . . ,P8} is
realizable and the function d6 is one of its realizators.
Corollary 4.12. Let P be a subsystem of the system {P1, . . . ,P8} with P ⊂ {P1,P3,P4,P5,
P6,P7}. Then P is realizable and the function d6 is one of the realizators of P .
Theorem 4.13. The subsystem {P1,P2,P5,P6,P7} of the system {P1, . . . ,P8} is realizable
and the function d7 is one of its realizators.
16 In [33] is proved that the function d5 is monotonous with respect to arbitrary (but not only with respect to
locally closed) subsets.
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Proof. d7 ∈ P1. Obvious.
d7 ∈ P2. Let X ∈ X and A is any (not necessarily locally closed) subset of X.
First suppose, that X can be represented as a finite union of its subspaces having
countable bases. Then, clearly, A also can be represented as the finite union of its
subspaces, anyone of which has countable base. Hence, A is finally compact space and,
by Smirnov’s theorem [30], we have: dimA dimX.
Assume, now, that X is not representable as a finite union of its subspaces with
countable bases. Then by the definition we have: dimA∞ = dimX.
Thus it is proved that the function f7 is monotonous with respect to any subspaces (and,
all the more, with respect to locally closed subspaces).
d7 ∈ P5. Let X ∈ T and X = X1 ×X2, where either X1 = ∅ or X2 = ∅.
If X can be represented as a finite union of its subspaces with countable bases, then,
clearly, X1, as well as X2, are representable in the same way. So, the spaces X, X1
and X2 are finally compact. Hence, in this case (see [30]), we have: d7(X1 × X2) =
dim(X1 ×X2) dimX1 + dimX2 = d7(X1)+ d7(X2).
If X is not representable as a finite union of its subsets with countable bases, then
at least one of X1 and X2 is not representable as a finite union of second countable
subspaces. Then d7(X1 × X2) = ∞ and d7(X1) + d7(X2) = ∞. So, in this case we also
have: d7(X1 ×X2) d7(X1)+ d7(X2).
d7 ∈ P6. Let X ∈ T and X = A∪B .
Suppose, X is representable as a finite union of its second countable subspaces. Then X
is hereditarily finally compact and, hence (see [29]), d7(X) = dimX  dimA + dimB +
1 = d7(A)+ d7(B)+ 1.
Let, now, X is not representable as a finite union of its subspaces with countable bases.
Then neither A nor B is representable in the same way. Hence, d7(X) = d7(A) = d7(B) =
∞. So, the inequality d7(X) d7(A)+ d7(B)+ 1 takes place.
d7 ∈ P7. Let X ∈ T and 0  d7(X) = n < ∞. But the function d7 takes finite values
only when X is representable as a finite union of its second countable subspaces. Hence,
d7(X) = dimX. From the results, obtained by Oka in [25], follows the existence of n+ 1
subspaces of X1, . . . ,Xn+1, X such, that X =⋃n+1i=1 Xi , Xi ∩Xj = ∅ whenever i = j and
dimXi  0, for any i = 1, . . . , n + 1. It is evident that for any i = 1, . . . , n + 1 we have:
d7(Xi) = dimXi  0. So the space X is representable as the union X =⋃n+1i=1 Xi , where
for any i = 1, . . . , n+ 1 we have: d7(Xi) 0.
Thus we showed that d7 ∈ P1 ∩ P2 ∩ P5 ∩ P6 ∩ P7, what means that the function d7 is
the realizator of {P1,P2,P5,P6,P7}. 
Corollary 4.14. Let P be a subsystem of the system {P1, . . . ,P8} with P ⊂ {P1,P2,P5,
P6,P7}. Then P is realizable and the function d7 is one of the realizators of P .
Remark 4.15. It is obvious that the function d1, being the realizator of the subsystem
{P2, . . . ,P8}, does not have the property P1.
Furthermore, one can easily show that the function d2 (which is one of the realizators
of the subsystem {P1,P2,P4,P5,P7}) does not have the properties P3, P6 and P8.
It is not also, difficult to see that the function d6, being the realizator of the subsystem
{P1,P3, P4,P5,P6,P7}, does not have the properties P2,P8.
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The function d3, being the realizator of the subsystem {P1,P2,P3,P5,P6}, does not
have the properties P4,P8. We do not know whether the function d3 has the property
d7. Note that if the answer to this question is positive, than the well-known problem of
A.V. Arhangel’skii, on coincidence of dim and ind in the class of spaces having countable
network, has positive solution.
The functions d4, d5 and d7 does not have the properties P4 and P8. We do not know
whether d4 has the property P5, d5 has the property P6 and d7 has the property P3. If
the answer to at least one of these questions is positive, then the question, whether the
subsystem {P1,P2,P3,P5,P6,P7} is realizable, has positive answer as well. This is the
only subsystem of the system {P1, . . . ,P8} about which we do not know is it realizable or
not (see Section 6, Question 6.3).
5. Table of realizable and nonrealizable subsystems of the system {P1, . . . ,P8}
In Table 1 visually is demonstrated which of 255 nonempty subsystems of the system
{P1, . . . ,P8} are realizable and which are not.
The following designations are applied:
The subsystem {Pi1, . . . ,Pik} of the system {P1, . . . ,P8} is denoted simply by
(i1, . . . , ik).
The symbol ‘+’ (respectively, the symbol ‘−’) signifies realizability (respectively,
nonrealizability) of the corresponding subsystem.
Symbol ‘−’ means that the corresponding subsystem is nonrealizable under AM +
¬CH.
Symbol ‘?’ signifies the fact that the question on realizability or nonrealizability of the
corresponding subsystem is open.
6. Questions
Question 6.1. Is it possible to prove nonrealizability of the subsystem {P1,P2,P4,P6} of
the system {P1 − P8} without additional set-theoretic assumptions?
Question 6.2 (Weaker version of Question 6.1). Is it possible to prove, without additional
set-theoretic assumptions, that there does not exist N ′-valued function d defined on the
class T such that d ∈ P1 ∩ P2 ∩ P4 ∩ P6 and d is an extension of the function dim from the
class TSM over the class T?
Question 6.3. Is the subsystem {P1,P2,P3,P5,P6,P7} of the system {P1 −P8} realizable?
(See, also, Remark 4.15).
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Table 1(1) + (124) + (347) + (1356) + (3457) + (13467) + (123468) −
(2) + (125) + (348) + (1357) + (3458) + (13468) − (123478) −
(3) + (126) + (356) + (1358) − (3467) + (13478) − (123567) ?
(4) + (127) + (357) + (1367) + (3468) + (13567) + (123568) −
(5) + (128) − (358) + (1368) − (3478) + (13568) − (123578) −
(6) + (134) + (367) + (1378) − (3567) + (13578) − (123678) −
(7) + (135) + (368) + (1456) + (3568) + (13678) − (124567) −
(8) + (136) + (378) + (1457) + (3578) + (14567) + (124568) −
(12) + (137) + (456) + (1458) − (3678) + (14568) − (124578) −
(13) + (138) − (457) + (1467) + (4567) + (14578) − (124678) −
(14) + (145) + (458) + (1468) − (4568) + (14678) − (125678) −
(15) + (146) + (467) + (1478) − (4578) + (15678) − (134567) +
(16) + (147) + (468) + (1567) + (4678) + (23456) + (134568) −
(17) + (148) − (478) + (1568) − (5678) + (23457) + (134578) −
(18) − (156) + (567) + (1578) − (12345) − (23458) + (134678) −
(23) + (157) + (568) + (1678) − (12346) − (23467) + (135678) −
(24) + (158) − (578) + (2345) + (12347) − (23468) + (145678) −
(25) + (167) + (678) + (2346) + (12348) − (23478) + (234567) +
(26) + (168) − (1234) − (2347) + (12356) + (23567) + (234568) +
(27) + (178) − (1235) + (2348) + (12357) + (23568) + (234578) +
(28) + (234) + (1236) + (2356) + (12358) − (23578) + (234678) +
(34) + (235) + (1237) + (2357) + (12367) + (23678) + (235678) +
(35) + (236) + (1238) − (2358) + (12368) − (24567) + (245678) +
(36) + (237) + (1245) + (2367) + (12378) − (24568) + (345678) +
(37) + (238) + (1246) − (2368) + (12456) − (24578) + (1234567) −
(38) + (245) + (1247) + (2378) + (12457) + (24678) + (1234568) −
(45) + (246) + (1248) − (2456) + (12458) − (25678) + (1234578) −
(46) + (247) + (1256) + (2457) + (12467) − (34567) + (1234678) −
(47) + (248) + (1257) + (2458) + (12468) − (34568) + (1235678) −
(48) + (256) + (1258) − (2467) + (12478) − (34578) + (1245678) −
(56) + (257) + (1267) + (2468) + (12567) + (34678) + (1345678) −
(57) + (258) + (1268) − (2478) + (12568) − (35678) + (2345678) +
(58) + (267) + (1278) − (2567) + (12578) − (45678) + (12345678) −
(67) + (268) + (1345) + (2568) + (12678) − (123456) −
(68) + (278) + (1346) + (2578) + (13456) + (123457) −
(78) + (345) + (1347) + (2678) + (13457) + (123458) −
(123) + (346) + (1348) − (3456) + (13458) − (123467) −
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